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1. Introduction

A string background characterized by a B-field in the presence of D-branes induces a

geometry where traditional mathematical or field theoretical tools have to be updated or

upgraded in order to provide an effective description. For instance, it is generally accepted

that the appropriate mathematical structure underlying such backgrounds is provided by

gerbes, which are generalizations of bundles. In this framework the idea of a gauge bundle

associated with the worldvolume of a D-brane is not always adequate and needs to be

refined. The new structure has to be free of Freed-Witten anomalies, which are global

anomalies of the world-sheet path integral. These problems have already been analyzed in

the literature, starting from the seminal paper of D.Freed and E.Witten [4]. However the

analysis has been carried out in a case by case basis and a general classifying scheme is still

lacking. In this paper we would like to fill in the gap and show that a mathematical tool

exists that is capable of encompassing all the particular cases of backgrounds mentioned

above: this is Čech hypercohomology of sheaves.

In fact, the second hypercohomology group of some specific sheaves (characterizing the

space-time and the D-brane world-volumes), which we describe below, provides us with a

tool to classify “gerbes with connection” that are Freed-Witten anomaly free. This turns

out to be the instrument we need in order to select the right “string backgrounds with D-

branes and B-field”. To make an example which is more familiar in the physical literature,

the first hypercohomology group of the same sheaves classify all the line bundles with

connection, so it classifies the (classical) U(1) gauge field theories. To deal with “string

backgrounds with D-branes and B-field” we need to go one step further in hypercohomology

with respect to this example.

We would like to point out that the term “hypercohomology” is rarely used in the

physical literature, but, on the other hand, one can find interesting examples of it under

a different terminology. For instance, the double BRST complex in local field theory is

an example in which the famous descent equations are exactly the cocycle conditions for

hypercohomology.

The second part of the paper consists in a description of the various cases which arise

from this type of classification. Some of them have already been analyzed in the literature,

others are new. It is, for instance, well-known that generically we cannot define a canonical

gauge theory on a D-brane in the presence of a non-zero B-field, due to the freedom under

large gauge transformations. Such possibility arises only if some specific conditions are

satisfied. Even when this is possible the hypercohomological description tells us that there

is a residual freedom in the choice of the bundle.

We then describe in particular, using the hypercohomology context, the situation aris-

ing when the B-field is flat. In such cases the analysis confirms what has already been

established in the literature: fractional or irrational charges of subbranes naturally appear;

for a suitable gauge choice, they can be seen as arising from “gauge bundles with not

integral Chern class”: we give a precise geometric interpretation of these objects.

The paper is organized as follows. Section 2 is devoted to a review of the Freed-Witten

anomaly. In section 3 we introduce the formalism necessary to describe holonomy for
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gerbes. Section 4 contains the central result of our paper: we introduce suitable hyper-

cohomology groups and show how they classify B-field and A-field configurations in the

presence of D-branes. Section 5 is devoted to a description of the possible gauge theories

on D-branes in the presence of a B-field, which arise from the previous classification. In

section 6 we give a geometrical description of the fractional bundles that appear in certain

B-field and A-field configurations. In section 7 we briefly describe the generalization to

stacks of coincident D-branes. Section 8 contains our conclusions while the two appendices

are devoted to the definition of Čech hypercohomology and gerbes with connection.

2. The Freed-Witten anomaly

Our aim in this paper is to classify B-field and A-field configurations in type II superstring

backgrounds with a fixed set of D-branes. It is well known that to this end the appropriate

mathematical framework is represented by gerbes (v. [5] and [2]). As line bundles on a

space X are characterized, up to isomorphism, by the first Chern class in H2(X,Z), gerbes

are classified by the first Chern class in H3(X,Z). Analogously, as a connection on a line

bundle is given by local 1-forms up to gauge transformations, a connection on a gerbe is

defined by local 2-forms and 1-forms up to gauge transformations. Definitions and details

used in the sequel are given in appendices A and B.

Let us consider string theory on a smooth space-time X and let us consider a single

smooth D-brane with world-volume Y ⊂ X. At first sight, one would expect the back-

ground to contain the following data:

• on X a gerbe with a connection given by the B-field, with Chern class ζ ∈ H3(X,Z)

and curvature H ∈ Ω3(X,Z), so that H is a de Rham representative of ζ, i.e.,

ζ ⊗Z R ≃ [H ]dR;

• on Y a line bundle with a connection given by the A-field.

However, as pointed out in [4], while the assignment of the gerbe on X is always given in

the background, the presence of the line bundle is actually consistent only in some speficic

cases, the most common being the one in which the gerbe restricted to Y is geometrically

trivial and w2(Y ) = 0, i.e., Y is spin (w2(Y ) is the second Stiefel-Withney class of the

tangent bundle of Y , v. [7]). In general, there is a different object on the brane. To

understand what, we start from the world-sheet path-integral.

In the superstring world-sheet action there are the following terms:

S ⊃

(
∫

dψ ψDφ ψ

)

+ 2π ·

(
∫

Σ
φ∗B +

∫

∂Σ
φ∗A

)

(2.1)

where φ : Σ → X is the embedding of the string world-sheet in the target space. The

exponential of the first term is the Pfaffian of the Dirac operator coupled to TY via φ, thus

we write:

eiS ⊃ pfaffDφ · exp

(

2πi ·

∫

Σ
φ∗B

)

· exp

(

2πi ·

∫

∂Σ
φ∗A

)

.
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The Pfaffian may be problematic. In fact, evaluated in a point φ ∈ Maps(Σ,X), it must

satisfy (pfaffDφ)2 = detDφ, so we have a sign ambiguity and we need a natural definition

of the Pfaffian, up to an overall constant which is immaterial for the path-integral. The

problem is that the Pfaffian is not a function, but it is naturally a section of a line bundle

over Maps(∂Σ, Y ), called pfaffian line bundle, with natural metric and flat connection

(v. [3]). If this bundle is geometrically trivial, we can choose a flat unitary section 1 up to

an overall phase, so that we determine the Pfaffian as pfaffDφ / 1; otherwise the latter is

not well defined as a number. The first Chern class of the Pfaffian line bundle depends on

W3(Y ) (where W3(Y ) is the integral lift of the third Stiefel-Whitney class of the tangent

bundle of Y , i.e., the obstruction to the existence of U(1)-charged spinors on Y , v. [7]

and [5]), while the holonomy depends on w2(Y ). Thus, if the brane is spin the pfaffian is

a well-defined function, otherwise the best we can do is to choose local parallel sections so

that we have a local definition of pfaffDφ.

It turns out that the terms exp( 2πi ·
∫

Σ φ
∗B ) · exp( 2πi ·

∫

∂Σ φ
∗A ) can compensate

exactly the possible ambiguity of the Pfaffian, giving rise to a well-defined path-integral, if

and only if:

W3(Y ) + ζ|Y = 0 . (2.2)

The class W3(Y ) + ζ|Y ∈ H3(Y,Z) is called Freed-Witten anomaly (see [4]). In particular,

ζ|Y must be a torsion class since W3(Y ) is, so that [H|Y ]dR = 0.

Taking this picture into account, we now describe the geometrical meaning of the terms

exp( 2πi ·
∫

Σ φ
∗B ) · exp( 2πi ·

∫

∂Σ φ
∗A ), from which the classifying group of the B-field and

A-field configurations will naturally arise.

3. Holonomy and Wilson loop

The purpose of this preliminary section is to give a precise definition of the holonomy

integrals that appear in (2.1). Given the complexity of the definition for gerbes, we start

with a description of the more familiar subject of holonomy for line bundles.

3.1 Line bundles

3.1.1 Global description

Let us consider a line bundle with connection (L,∇) on X and a closed curve γ : S1 → X

with a fixed point x = γ(e2πi·t): parallel transport along γ gives a linear map tx : Lx → Lx,

which can be thought of as a number Hol∇(γ) ∈ S1 thanks to the canonical isomorphism

LX
x ⊗ Lx ≃ C given by ϕ ⊗ v ≃ ϕ(v) (such a number is independent of the chosen point

x). Thus, denoting by LX the loop space of X, parallel transport defines a function

Hol∇ : LX → S1 called holonomy of ∇.

What can we say about open curves? Given a curve γ : [ 0, 1] → X, let us put

x = γ(0) and y = γ(1): parallel transport defines a linear map tx,y : Lx → Ly, which is

no longer canonically a number, since LX
x ⊗ Ly is not canonically isomorphic to C. Thus,

given a curve γ ∈ CX, CX being the space of open curves on X, holonomy is an element

of a 1-dimensional vector space CLγ = LX
x ⊗ Ly: we now describe this vector space as
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the fiber over γ of a line bundle CL → CX, so that holonomy defines a section of CL.

In fact, let us consider the bundle LX
⊠ L → X × X, i.e., LX

⊠ L = π∗1L
X ⊗ π∗2L for

π1, π2 : X × X → X the projections to the first and second factor, respectively. We

have a natural map π : CX → X ×X given by π(γ) = (γ(0), γ(1)), so that we can define

CL = π∗(LX
⊠L). By construction CLγ = (LX

⊠L)π(γ) = (LX
⊠L)(γ(0),γ(1)) = LX

γ(0)⊗Lγ(1),

so we obtain exactly the desired fiber. Thus holonomy defines a section Hol∇ : CL→ CX.

Moreover c1(CL) = π∗(π∗2 c1(L) − π∗1 c1(L)).

As one can see from the expression of c1(CL), if L is trivial so is CL. There is more: a

trivialization of L determines a trivialization of CL. In fact, if s : X → L is a global section,

it determines canonically a global section sX : X → LX given by sX(s) = X × {1}, thus a

section sX
⊠s : X×X → LX

⊠L, thus, by pull-back, a global section π∗(sX
⊠s) : CX → CL.

What is happening geometrically? A global section s : X → L provides a way to identify

the fibers of L, hence a linear map Lx → Ly becomes the number λ such that sx → λ · sy.

Thus, for a trivial bundle with a fixed global section, holonomy is a well-defined function

also over the space of open curves.

Similarly, a system of local sections of L, with respect to a good cover U = {Ui}i∈I ,

determines a system of local sections of CL, with respect to the cover V defined in the

following way:

• let us fix a triangulation τ of S1, i.e., a set of vertices σ0
1 , . . . , σ

0
l ∈ S1 and of edges

σ1
1, . . . , σ

1
l ⊂ S1 such that ∂σ1

i = σ0
i+1 − σ0

i for 1 ≤ i < l and ∂σ1
l = σ0

1 − σ0
l ;

• we consider the following set of indices:

J =

{

(τ, ϕ) :
• τ = {σ0

1 , . . . , σ
0
l(τ);σ

1
1 , . . . , σ

1
l(τ)} is a triangulation of S1

• ϕ : {1, . . . , l(τ)} −→ I is a function

}

;

• we obtain the covering V = {V(τ,σ)}(τ,σ)∈J of LX by:

V(τ,ϕ) = {γ ∈ LX : γ(σ1
i ) ⊂ Uϕ(i)} .

Let us consider γ ∈ V(τ,ϕ): then LX

γ(0) ⊗ Lγ(1) is isomorphic to C via sϕ(1) and sϕ(l(τ)), so

that we have a local trivialization V(τ,ϕ) × C, giving a local section V(τ,ϕ) × {1}. Thus, we

can describe transition functions of CL for V in terms of the ones of L for U . In particular,

the local expression of parallel transport along γ with respect to the fixed local sections is

given by {ρ(τ,ϕ)} such that tγ(0),γ(1)(x, z)ϕ(1) = (x, ρ(τ,ϕ) ·z)ϕ(l). Then, if γ ∈ V(τ,ϕ)∩V(τ ′,ϕ′),

we have, with respect to the second chart, tγ(0),γ(1)(x, z)ϕ′(1) = (x, ρ(τ ′,ϕ′) · z)ϕ′(l′). Then,

since (x, z)ϕ(1) = (x, gϕ(1),ϕ′(1) · z)ϕ′(1), one has:

tγ(0),γ(1)(x, z)ϕ(1) = (x, ρ(τ,ϕ) · z)ϕ(l) = (x, gϕ(l),ϕ′(l′) · ρ(τ,ϕ) · z)ϕ′(l′)

tγ(0),γ(1)(x, gϕ(1),ϕ′(1) · z)ϕ′(1) = (x, ρ(τ ′,ϕ′) · gϕ(1),ϕ′(1) · z)ϕ′(l′)

so that gϕ(l),ϕ′(l′) · ρ(τ,ϕ) = ρ(τ ′,ϕ′) · gϕ(1),ϕ′(1), thus, ρ(τ,ϕ) = ρ(τ ′,ϕ′) · (g
−1
ϕ(l),ϕ′(l′) · gϕ(1),ϕ′(1)).

Hence the transition functions of CL are exactly g(τ,ϕ),(τ ′,ϕ′)(γ) := g−1
ϕ(l),ϕ′(l′)γ(1) ·

– 5 –



J
H
E
P
1
2
(
2
0
0
8
)
0
7
8

gϕ(1),ϕ′(1)γ(0). In particular, a trivialization gij = g−1
i gj of L determines a trivializa-

tion of CL given by g(τ,ϕ),(τ ′,ϕ′) = g−1
(τ,ϕ)g(τ ′,ϕ′) for g(τ,ϕ)(γ) = gϕ(1)γ(0) · gϕ(l)γ(1)

−1, as it

is easy to verify.

We can generalize a little bit this construction: let us consider a line bundle L → X

and a subset Y ⊂ X: we can consider the space CYX of open curves in X with boundary

in Y , i.e. such that γ(0), γ(1) ∈ Y . In this case, we have π : CYX → Y × Y and holonomy

is a section of the bundle CY L = π∗(L|Y
X

⊠ L|Y ). Thus, to have a function we only need

the triviality of L|Y and a global section of its, it is not necessary that the whole L is

trivial; similarly, to have a set of local sections of CY L we just need a set of local sections

of L|Y .

3.1.2 Local description

We can now express the holonomy using local expression of the connection, so that we can

generalize it to gerbes. Considering the covering V of LX previously defined, for a closed

curve γ ∈ V(τ,ϕ) we define:1

∫

γ

A :=

l(τ)
∑

i=1

[(
∫

γ(σ1
i )
Aϕ(i)

)

+ 1
2πi

log gϕ(i),ϕ(i+1)

(

γ(σ0
i+1)

)

]

(3.1)

and one can prove that this is a well-defined function in R/Z. Let us stress that the

definition of the holonomy depends not only on the local connetion {Aα} but also on the

cocycle {gαβ}.

For γ open we must skip the last transition function. First of all we describe an

analogous open cover for the space of open curves CX:

• let us fix a triangulation τ of [ 0, 1], i.e., a set of vertices σ0
1, . . . , σ

0
l , σ

0
l+1 ∈ [ 0, 1] and

of edges σ1
1 , . . . , σ

1
l ⊂ [ 0, 1] such that:

– ∂σ1
i = σ0

i+1 − σ0
i for 1 ≤ i ≤ l;

– σ0
1 = 0 and σ0

l+1 = 1; these are called boundary vertices;

• we consider the following set of indices:

J =

{

(τ, ϕ) :
• τ = {σ0

1 , . . . , σ
0
l(τ), σ

0
l(τ)+1;σ

1
1 , . . . , σ

1
l(τ)} is a triangulation of [ 0, 1]

• ϕ : {1, . . . , l(τ)} −→ I is a function

}

;

• we obtain a covering {V(τ,σ)}(τ,σ)∈J of CX by:

V(τ,ϕ) = {γ ∈ CX : γ(σ1
i ) ⊂ Uϕ(i)} .

Thus, we define:

∫

γ

A :=

(

l(τ)−1
∑

i=1

∫

γ(σ1
i )
Aϕ(i) + log gϕ(i),ϕ(i+1)

(

γ(σ0
i+1)

)

)

+

∫

γ(σ1
l
)
Aϕ(l) . (3.2)

1We consider the index i of the triangulation as a cyclic index, thus l + 1 = 1.
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In this case the integral is not well-defined as a function, but, as we have seen, it is a section

of a line bundle CL → CX with transition functions g̃(τ,ϕ),(τ ′,ϕ′)(γ) = gϕ(l),ϕ′(l)γ(1)
−1 ·

gϕ(1),ϕ′(1)γ(0). If, for a submanifold Y ⊂ X, we ask that ∂γ ⊂ Y and we choose a

trivialization of L|Y given by gαβ(y) = g−1
α (y)·gβ(y), we can express the transition functions

of CL as g̃(τ,ϕ),(τ ′,ϕ′)(γ) = (gϕ(l)γ(1) · gϕ(1)γ(0)
−1) · (gϕ′(l)γ(1) · gϕ′(1)γ(0)

−1)−1, thus we

obtain a trivialization of CL given by g̃(τ,ϕ)(γ) = gϕ(l)γ(1)
−1 · gϕ(1)γ(0). With respect to

this trivialization, holonomy becomes a function given by:

∫

γ

A :=

(

l(τ)−1
∑

i=1

∫

γ(σ1
i )
Aϕ(i) + log gϕ(i),ϕ(i+1)

(

γ(σ0
i+1)

)

)

+

∫

γ(σ1
l
)
Aϕ(l)

+
1

2πi

(

log gϕ(l)(γ(1)) − log gϕ(1)(γ(0))
)

.

(3.3)

3.1.3 Cohomology classes and cocycles

We remark the following facts, which will be useful later to better figure out by analogy

the case of gerbes. Let us fix a good cover U = {Uα}α∈I on a space X:

• when we specify a cohomology class α = [ {gαβ} ] ∈ Ȟ1(U, C∞( · ,C∗)), we associate

to it an equivalence class up to isomorphism of line bundles, represented by:2

(

⊔

(Uα × C )
)/

∼ , (x, z)α ∼ (x, gαβ(x) · z)β , for x ∈ Uαβ ; (3.4)

• when we specify a cocycle {gαβ} ∈ Ž1(U, C∞( · ,C∗)), we associate to it the equiv-

alence class of a line bundle with a fixed set of local sections {sα : X → L} up

to isomorphism with relative pull-back of the sections, such that gαβ = sα/sβ. In

this case we have dependence on the covering U, but this is obvious since the local

sections themselves determines the covering by their domains. We have a canonical

representative for each of these classes given by (3.4).

If we give a line bundle L with a fixed set of local sections {sα : Uα → L}, it is

canonically isomorphic to a line bundle of the form (3.4) for gαβ = sα/sβ (of course the

sections {sα} do not make {gαβ} a coboundary since they are not functions, they are

sections of a bundle). The isomorphism is simply given by ϕ(sα)x = (x, 1)α, and it can be

applied to any bundle isomorphic to L with the pull-back of the sections {sα}.

3.2 Gerbes

The situation of gerbes is analogous to the one of bundles. In particular, the holonomy of

a gerbe over a closed surface is a well defined function, while the holonomy for a surface

with boundary Σ is a section of a bundle over the space Maps(Σ,X). If we consider the

maps such that φ(∂Σ) ⊂ Y , then a trivialization of the gerbe on Y , if it exists, determines

a trivialization of the bundle, so that holonomy becomes a well-defined function.

2This equivalence class is much larger than the class made by the bundles of the form (3.4) for the

various representatives {gαβ} of α, since there are all the bundles which are not of the form (3.4) but only

isomorphic to one of them.

– 7 –



J
H
E
P
1
2
(
2
0
0
8
)
0
7
8

3.2.1 Closed surfaces

Definition 3.1. Given a topological space X and a closed compact surface Σ, the space of

maps from Σ to X, called ΣX, is the set of continuous maps:

Γ : Σ −→ X

equipped with the compact-open topology.

We now describe a natural open covering for the space of maps. In particular:

• let us fix a triangulation τ of Σ, i.e.:

– a set of vertices σ0
1 , . . . , σ

0
l ∈ Σ;

– a subset E ⊂ {1, . . . , l}2, determining a set of oriented edges {σ1
(a,b) ⊂ Σ}(a,b)∈E

such that ∂σ1
(a,b) = σ0

b − σ0
a; if (a, b) ∈ E then (b, a) /∈ E and we declare

σ1
(b,a) := −σ1

(a,b);

– a subset T ⊂ {1, . . . , l}3, determining a set of oriented triangles {σ2
(a,b,c) ⊂

Σ}(a,b,c)∈T such that ∂σ2
(a,b,c) = σ1

(a,b)+σ
1
(b,c)+σ

1
(c,a); given a, b, c only one permu-

tation of them belongs to T and for a permutation ρ we declare σ2
ρ(a),ρ(b),ρ(c) :=

(−1)ρσ2
(a,b,c);

satisfying the following conditions:

– every point P ∈ Σ belongs to at least one triangle, and if it belongs to more

than one triangle then it belongs to the boundary of each of them;

– every edge σ1
(a,b) lies in the boundary of exactly two triangles σ2

(a,b,c) and σ2
(b,a,d),

inducing on it opposite orientations, and σ2
(a,b,c) ∩ σ2

(b,a,d) = σ1
(a,b); if a point

p ∈ Σ belongs to an edge σ1
(a,b) and it’s not a vertex, than the only two triangles

containing it are the ones having σ1
(a,b) as common boundary; thus, there exists

a function b : E → T 2 such that σ1
(a,b) ⊂ ∂σ2

b1(a,b) and −σ1
(a,b) ⊂ ∂σ2

b2(a,b);

– for every vertex σ0
i there exists a finite set of triangles {σ2

(i,a1,a2), . . . , σ
2
(i,aki

,a1)}

having σ0
i as vertex, such that σ2

(i,aj ,aj+1)
∩ σ2

(i,aj+1,aj+2) = σ1
(i,aj+1) (we use the

notation ki + 1 = 1), these triangles are the only one containing σ0
i and their

union is a neighborhood of it; thus, there exists a function B : {1, . . . , l} →
∐l

i=1 T
ki , such that B(i) ∈ T ki and B(i) = {σ2

(i,a1,a2)
, . . . , σ2

(i,aki
,a1)};

• we consider the following set of indices:

J =

{

(τ, ϕ) :
• τ =

{

σ0
1 , . . . , σ

0
l(τ), E, T

}

is a triangulation of Σ

• ϕ : T −→ I is a function

}

and a covering {V(τ,σ)}(τ,σ)∈J of ΣX is given by:

V(τ,ϕ) = {Γ ∈ ΣX : Γ(σ2
(a,b,c)) ⊂ Uϕ(a,b,c)}.
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One can prove that these sets are open in the compact-open topology and that they

cover ΣX.

For a fixed Γ ∈ ΣX, there exists (τ, ϕ) ∈ J such that Γ ∈ V(τ,ϕ). The function

ϕ : T → I induces two functions:

• ϕE : E → I2, given by ϕE(a, b) =
(

ϕ(b1(a, b)), ϕ(b2(a, b)
)

;

• ϕV : {1, . . . , l} →
∐l

i=1(I
3)ki−2, such that ϕV (i) ∈ (I3)ki−2 and

(

ϕV (i)
)j

=
(

ϕ(B1(i)), ϕ(Bj(i)), ϕ(Bj+1(i))
)

.

We define:
∫

Γ
B :=

∑

(a,b,c)∈Tτ

∫

Γ(σ2
(a,b,c)

)
Bϕ(a,b,c) +

∑

(a,b)∈Eτ

∫

Γ(σ1
(a,b)

)
ΛϕE(a,b)

+
l
∑

i=1

ki
∑

j=1

log g(ϕV (i))j

(

Γ(σ0
i )
)

.

(3.5)

The last term needs some clarifications: we briefly discuss it. The logarithm can be taken

since we have chosen a good covering, so the intersections are contractible. Of course, it’s

defined up to 2πiZ, so the quantity that can be well-defined as a number is exp
(∫

ΓB
)

. The

sum is taken in the following way: we consider the star of triangles having σ0
i as common

vertex (each of them associated to a chart via ϕ) and, since we are considering 0-simplices,

that corresponds to 2-cochains, we consider the possible triads with first triangle fixed
(

ϕV (i)
)j

=
(

ϕ(B1(i)), ϕ(Bj(i)), ϕ(Bj+1(i))
)

and sum over them. The fact we fixed B1(i)

as first triangle has no effect, since we could consider any other possibility
(

ϕV
α (i)

)j
=

(

ϕ(Bα(i)), ϕ(Bj(i)), ϕ(Bj+1(i))
)

. In fact, by cocycle condition with indices (1, i, i + 1, α)

we have that g1,i+1,α · g1,i,i+1 = gi,i+1,α · g1,i,α, thus gα,i,i+1 = g−1
1,i,α · g1,i,i+1 · g1,i+1,α, but in

the cyclic sum the extern terms simplify, hence the sum involving gα,i,i+1 is equal to the

sum involving g1,i,i+1. Finally, we sumed over j = 1, . . . , ki, but for j = 1 and j = ki we

obtain trivial terms, hence the real sum is for j = 2, . . . , ki − 1.

3.2.2 Surfaces with boundary

Definition 3.2. Given a topological space X and a compact surface with boundary Σ, the

space of maps from Σ to X, called ΣX, is the set of continuous maps:

Γ : Σ −→ X

equipped with the compact-open topology.

As before:

• let us fix a triangulation τ of Σ, i.e.:

– a set of vertices σ0
1 , . . . , σ

0
l ∈ Σ;

– a subset E ⊂ {1, . . . , l}2, determining a set of oriented edges {σ1
(a,b) ⊂ Σ}(a,b)∈E

such that ∂σ1
(a,b) = σ0

b − σ0
a; if (a, b) ∈ E then (b, a) /∈ E and we declare

σ1
(b,a) := −σ1

(a,b);
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– a subset T ⊂ {1, . . . , l}3, determining a set of oriented triangles {σ2
(a,b,c) ⊂

Σ}(a,b,c)∈T such that ∂σ2
(a,b,c) = σ1

(a,b)+σ
1
(b,c)+σ

1
(c,a); given a, b, c only one permu-

tation of them belongs to T and for a permutation ρ we declare σ2
ρ(a),ρ(b),ρ(c) :=

(−1)ρσ2
(a,b,c);

satisfying the usual conditions for triangulations; there exists a partition E =

BE ∪̇ IE in boundary edges and internal edges, and two functions:

– b : IE → T 2 such that σ1
(a,b) ⊂ ∂σ2

b1(a,b) and −σ1
(a,b) ⊂ ∂σ2

b2(a,b);

– b : BE → T such that σ1
(a,b) ⊂ ∂σ2

b(a,b);

moreover, there exists a partition {0, . . . , l} = BV ∪̇ IV in boundary vertices and

internal vertices, such that:

– for i ∈ IV , there exists a finite set of triangles {σ2
(i,a1,a2), . . . , σ

2
(i,aki

,a1)} having

σ0
i as vertex; σ2

(i,aj ,aj+1) ∩σ
2
(i,aj+1,aj+2) = σ1

(i,aj+1) with a cyclic order (i.e., we use

the notation ki+1 = 1); these triangles are the only ones containing σ0
i and their

union is a neighborhood of it; thus, there exists a function B : IV →
∐

i∈IV T
ki ,

such that B(i) ∈ T ki and B(i) = {σ2
(i,a1,a2)

, . . . , σ2
(i,aki

,a1)}.

– for i ∈ BV , there exists a finite set of triangles {σ2
(i,a1,a2), . . . , σ

2
(i,aki−1,aki

)}

(without σ2
(i,aki

,a1)) having σ0
i as vertex; σ2

(i,aj ,aj+1) ∩ σ
2
(i,aj+1,aj+2) = σ1

(i,aj+1) for

1 < i < ki, these triangles are the only ones containing σ0
i and their union is a

neighborhood of it; thus, there exists a function B : BV →
∐

i=∈BV T
ki−1, such

that B(i) ∈ T ki−1 and B(i) = {σ2
(i,a1,a2), . . . , σ

2
(i,aki−1,aki

)};

• we consider the following set of indices:

J =

{

(τ, ϕ) :
• τ =

{

σ0
1 , . . . , σ

0
l(τ), E, T

}

is a triangulation of Σ

• ϕ : T −→ I is a function

}

and a covering {V(τ,σ)}(τ,σ)∈J of ΣX is given by:

V(τ,ϕ) = {Γ ∈ ΣX : Γ(σ2
(a,b,c)) ⊂ Uϕ(a,b,c)}.

One can prove that these sets are open in the compact-open topology and that they

cover ΣX.

For the holonomy in this case, the only possibility is to use the same definition as for

closed surfaces, omitting the boundary edges and vertices in the integration. This forbids

the well-definedness of the integral as a function. We obtain a line bundle L̃ over the space

of maps Maps(∂Σ, Y ) with the following properties (we call G the gerbe):

• c1(L̃) depends on c1(G), thus, if G is trivial then L̃ is trivial too;

• a particular realization of G as a Čech hypercocycle (see appendices A and B for nota-

tions) determines a realization of L̃ as Čech cocycle; in particular, if G is of the form
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{gαβγ , 0, B} with gαβγ constant, we obtain a realization of L̃ with constant transition

functions whose class in H2(Maps(∂Σ, Y ), S1) depends on [ {gαβ} ] ∈ H2(Y, S1). In

particular, for a realization of the form {ηαβγ , 0, B} with [ ηαβγ ] = w2(Y ), we obtain

a realization of the L̃ with the same class as the parallel sections of the Pfaffian

line bundle.

One can prove that the function for a specific trivialization can be obtained in the

following way. Let us consider a trivial gerbe {gαβγ} ∈ B̌2(X,S1), and let gαβγ = gαβ ·gβγ ·

gγα. We have:

Bα −Bβ = dΛαβ

Λαβ + Λβγ + Λγα = d log gαβ + d log gβγ + d log gγα
(

Λαβ − d log gαβ

)

+
(

Λβγ − d log gβγ

)

+
(

Λγα − d log gγα

)

= 0

δ
{

Λαβ − d log gαβ

}

= 0 (3.6)

and, since the sheaf of 1-forms is fine, hence acyclic, we obtain:

Λαβ − d log gαβ = Aα −Aβ .

We now define the integral of the connection. For a fixed Γ ∈ ΣX, there exists

(τ, ϕ) ∈ J such that γ ∈ V(τ,ϕ). We define:

∫

Γ
B :=

∑

(a,b,c)∈Tτ

(
∫

Γ(σ2
(a,b,c)

)
Bϕ(a,b,c) +

∫

Γ(∂σ2
(a,b,c)

)
Aϕ(a,b,c)

)

. (3.7)

As before, the logarithm can be taken since we have chosen a good cover and it is defined

up to 2πiZ, so that exp
(

2πi ·
∫

ΓB
)

is as well-defined number. The contribution of A to

the internal edges cancel in pairs, so only the integral of A on boundary terms remains.

That is why this expression is usually denoted by:

∫

Γ
B +

∮

∂Γ
A .

This expression is equivalent to the one obtained by changing B choosing transition func-

tions on the boundary corresponding to the fixed realization.

4. Classification by hypercohomology

We are now ready to describe the classification group for B-field and A-field configurations

in superstring theory with a single D-brane. Our background is specified in particular by

a space-time gerbe G belonging to the following hypercohomology group:3

G = [ {gαβγ ,−Λαβ , Bα} ] ∈ Ȟ2(X, S1 d̃
−→ Ω1

R

d
−→ Ω2

R
) (4.1)

3We refer to appendices A and B for notations.
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where d̃ = (2πi)−1 d ◦ log , gαβγ are functions from triple intersections to S1, Λαβ are 1-

forms on double intersections and Bα are 2-forms on the opens sets of the cover. In (4.1),

we denote by S1 the sheaf of smooth S1-valued functions on X and by Ωp
R

the sheaf of

real p-forms. On a single brane Y ⊂ X we consider the restriction of the space-time

gerbe, for which we use the same notation G |Y = [ {gαβγ ,−Λαβ , Bα} ] ∈ Ȟ2(Y, S1 →

Ω1
R
→ Ω2

R
). To give a meaning to the holonomy for open surfaces with boundary on Y ,

we must fix a specific representative of the class G |Y , i.e., a specific hypercocycle; this

operation is analogous to fixing a set of local sections on a line bundle up to pull-back

by isomorphism (see section 3.1.3). To compensate for the possible non-definiteness of

pfaffDφ, this hypercocycle must take the form {ηαβγ , 0, B+F}, with ηαβγ representing the

class w2 ∈ H2(Y, S1), denoting by S1 the constant sheaf. Here B + F is a 2-form globally

defined on Y , which we now explain in detail. The choice of the specific cocycle ηαβγ in

the class w2 turns out to be immaterial, as we will show later.

In order to obtain the hypercocycle {ηαβγ , 0, B + F} from any gauge representa-

tive {gαβγ , −Λαβ, Bα} of the gerbe G |Y , the brane must provide a reparametrization of

G |Y , which, by an active point of view, is a hypercoboundary, i.e., a geometrically triv-

ial gerbe. That is, given {gαβγ ,−Λαβ , Bα}, the brane must provide a coordinate change

{g−1
αβγ · ηαβγ ,Λαβ , dAα}, so that:

{gαβγ ,−Λαβ , Bα} · {g
−1
αβγ · ηαβγ ,Λαβ , dAα} = {ηαβγ , 0, B + F} (4.2)

for a globally defined B + F = Bα + dAα. In order for this correction to be geometrically

trivial, it must be that:

{g−1
αβγ · ηαβγ ,Λαβ , dAα} = δ̌1{hαβ , Aα} (4.3)

i.e. {g−1
αβγ · ηαβγ ,Λαβ , dAα} = {δ̌1hαβ ,−d̃hαβ + Aβ − Aα, dAα}. For this to hold one must

have:

• {g−1
αβγ · ηαβγ} = {δ̌1hαβ}: this is precisely the statement of Freed-Witten anomaly,

since, considering the Bockstein homomorphism β in degree 2 of the sequence 0 →

Z → R → S1 → 0, this is equivalent to β( [ gαβγ ] ) = β( [ ηαβγ ] ), i.e., ζ |Y = W3(Y );

only under this condition is g−1
αβγ · ηαβγ trivial in the S1-cohomology;

• Aβ − Aα = d̃hαβ + Λαβ: these must be the transition relations for Aα (coherently

with [6]); this is always possible since δ̌1{d̃hαβ} = { d̃( ηαβγ − gαβγ ) } = {−d̃gαβγ} =

−δ̌1{Λαβ} and Ω1
R

is acyclic.

From the transition relations of Aα we obtain dAβ − dAα = dΛαβ , thus B + F is globally

defined. Of course Bα and Aα themselves depends on the gauge choices, while B + F is

gauge-invariant.4

4We remark that, for W3(Y ) = 0, from the exact sequence 0 → Z → R → S1 → 0 it follows that w2(Y ),

having image 0 under the degree-2 Bockstein homomorphism, by exactness can be lifted to a real form G

on Y . Therefore, the gerbe [ {ηαβγ , 0, B +F} ] can be also represented by [ {1, 0, B +F +G} ]: however, this

is not the cocycle we need, since we need transition function realizing the class w2(Y ). These two cocycles

are equivalent on closed surfaces, since they represent the same gerbe, but not on open ones.
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Let us now discuss the role of the representative ηαβγ of the class w2(Y ) ∈ Ȟ2(X,S1).

The choice of a different representative corresponds to changing by constant local functions

the chosen sections of the bundle over loop space, which define the holonomy for open

surfaces. This kind of ambiguity is also present for the Pfaffian, since it also defines a

section of a flat bundle with the same holonomy. If w2(Y ) 6= 0, we have no possibility to

eliminate this non-definiteness. We can only choose the sections for the Pfaffian and for

the gerbe, in such a way that on the tensor product we have a global flat section, up to

an immaterial overall constant. Instead, if w2 = 0, both the pfaffian and the gerbe are

geometrically trivial, thus we have a preferred choice, given by a global flat section for both.

In this case, we fix the canonical representative ηαβγ = 1. We will see in the following the

consequences of this fact for the gauge theory of the D-brane.

How can we jointly characterize B-field and A-field taking into account the gauge trans-

formations contained in the previous description? This unifying role is played by a certain

hypercohomology group, which we would like now to introduce. Since this construction is

not very familiar in the literature, we would like for pedagogical reason to start with the

analogous group for line bundles.

4.1 Line bundles

Let us consider an embedding of manifolds i : Y → X: we want to describe the group of

line bundles on X which are trivial on Y , with a fixed trivialization. We recall that S1 is

the sheaf of smooth functions on X: it turns out that the sheaf of smooth functions on Y

is its pull-back i∗S1. We thus obtain a cochain map (i∗)p : Čp(X,S1) −→ Čp(Y, S1), which

can be described as follows: we choose a good cover U of X restricting to a good cover U |Y
of Y , such that every p-intersection Ui0···ip |Y comes from a unique p-intersection Ui0···ip on

X. Given a p-cochain ⊕i0<···<ip fi0···ip , we restrict fi0···ip to Ui0···ip |Y whenever the latter is

non-empty. In this way we obtain a double complex:

Č0(Y, S1)
δ̌0

// Č1(Y, S1)
δ̌1

// Č2(Y, S1)
δ̌2

// · · ·

Č0(X,S1)

(i∗)0

OO

δ̌0
// Č1(X,S1)

(i∗)1

OO

δ̌1
// Č2(X,S1)

(i∗)2

OO

δ̌2
// · · ·

We denote by Ȟ•(X,S1, Y ) the hypercohomology of this double complex. We claim that

Ȟ1(X,S1, Y ) is the group we are looking for. In fact, the latter can be defined in the

following way: we choose a line bundle L on X with a fixed set of local sections {sα},

so that the transition functions are {gαβ} for gαβ = sα/sβ. We consider {sα |Y } and we

express the trivialization by means of local functions {fα} on Y such that fα · sα |Y gives

a global section of L|Y . We have that Č1(X,S1, Y ) = Č1(X,S1) ⊕ Č0(Y, S1), so that we

can consider the hypercochain {gαβ , fα}. We now claim that this is a hypercocycle: to see

this, we describe the cohomology group Ȟ1(X,S1, Y ).

• Cocycles: since δ̌1{gαβ , fα} = {δ̌1gαβ , ((i
∗)1gαβ)−1·fβf

−1
α }, cocycles are characterized

by two conditions: δ̌1gαβ = 0, i.e., gαβ is a line bundle L on X, and (i∗)1gαβ = fβf
−1
α ,

i.e., fα trivializes L|Y .
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• Coboundaries: δ̌0{gα} = {δ̌0gα, (i
∗)0gα} thus coboundaries represents line bundles

which are trivial on X, with a trivialization on X restricting to to chosen one on Y .

To explain the structure of the coboundaries, let us remark that if we choose different

sections {s′α = ϕα · sα}, the same trivialization is expressed by f ′α = ϕα|
−1
Y · fα. Thus the

coordinate change is given by {ϕ−1
α ϕβ, ϕα|Y }, which can be seen, by an active point of

view, as a X × C with the trivialization Y × {1} on Y , i.e., a trivial bundle with a fixed

global section on X restricting to the chosen trivialization on Y . Hence, Ȟ1(X,S1, Y ) is

the group we are looking for.

4.1.1 Line bundles with connection

Let us now define the analogous group for bundles with connection. The relevant complex

is the following:

Č0(X,Ω1
R
)⊕Č0(Y, S1)

δ̌0⊕δ̌0
// Č1(X,Ω1

R
) ⊕ Č1(Y, S1)

δ̌1⊕δ̌1
// Č2(X,Ω1

R
) ⊕ Č2(Y, S1)

δ̌2⊕δ̌2
// · · ·

Č0(X,S1)

d̃⊕(i∗)2

OO

δ̌0
// Č1(X,S1)

δ̌1
//

d̃⊕ (i∗)1

OO

Č2(X,S1)

d̃⊕ (i∗)2

OO

δ̌2
// · · ·

We denote by Ȟ•(X,S1 → Ω1
R
, Y ) the hypercohomology of this double complex. We

claim that the group we are looking for is Ȟ1(X,S1 → Ω1
R
, Y ). The cochains are given

by Č1(X,S1 → Ω1
R
, Y ) = Č1(X,S1) ⊕ Č0(Y,Ω1

R
) ⊕ Č0(Y, S1), so that we consider

{gαβ ,−Aα, fα}.

• Cocycles: since δ̌1{gαβ ,−Aα, fα} = {δ̌1gαβ ,−d̃gαβ −Aβ +Aα, ((i
∗)1gαβ)−1 · fβf

−1
α },

cocycles are characterized by three conditions: δ̌1gαβ = 0, i.e., gαβ is a line bundle L

on X, Aα −Aβ = d̃gαβ , i.e., Aα is a connection on L, and (i∗)1gαβ = fβf
−1
α , i.e., fα

trivializes L|Y .

• Coboundaries: since δ̌0{gα} = {δ̌0gα, d̃gαβ, (i
∗)0gα}, coboundaries represents line

bundles which are geometrically trivial on X (see appendix), with a trivialization

on X restricting to the chosen one on Y .

4.2 Gerbes

Let us now define the analogous group for gerbes with connection. The relevant complex
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is the following5:

Č0(X,Ω2
R
)⊕Č0(Y,Ω1

R
)

δ̌0⊕δ̌0
// Č1(X,Ω2

R
)⊕Č1(Y,Ω1

R
)

δ̌1⊕δ̌1
// Č2(X,Ω2

R
)⊕Č2(Y,Ω1

R
)

δ̌2⊕δ̌2
// · · ·

Č0(X,Ω1
R
)⊕Č0(Y, S1)

"

d (i∗)0

0 −d̃

#

OO

δ̌0⊕δ̌0
// Č1(X,Ω1

R
)⊕Č1(Y, S1)

δ̌1⊕δ̌1
//

"

d (i∗)1

0 −d̃

#

OO

Č2(X,Ω1
R
)⊕Č2(Y, S1)

"

d (i∗)2

0 −d̃

#

OO

δ̌2⊕δ̌2
// · · ·

Č0(X,S1)

d̃⊕(i∗)0

OO

δ̌0
// Č1(X,S1)

d̃⊕ (i∗)1

OO

δ̌1
// Č2(X,S1)

d̃⊕(i∗)2

OO

δ̌2
// · · ·

We denote by Ȟ•(X,S1 → Ω1
R
→ Ω2

R
, Y ) the hypercohomology of this double complex. We

claim that the group we are looking for is Ȟ2(X,S1 → Ω1
R
→ Ω2

R
, Y ). The cochains are

given by Č2(X,S1 → Ω1
R
→ Ω2

R
, Y ) = Č2(X,S1) ⊕ Č1(X,Ω1

R
) ⊕ Č1(Y, S1) ⊕ Č0(X,Ω2

R
) ⊕

Č0(Y,Ω1
R
), so that we consider {gαβγ ,−Λαβ , hαβ , Bα,−Aα}.

• Cocycles: since δ̌2{gαβγ ,−Λαβ , hαβ , Bα,−Aα} = {δ̌2gαβγ , d̃gαβγ +

δ̌1(−Λαβ), (i∗)2gαβγ · δ̌
2hαβ , −d(−Λαβ)+Bβ −Bα,−(i∗)1(−Λαβ)+ d̃hαβ +Aα −Aβ},

cocycles are characterized exactly by the condition we need in order for

{gαβγ ,−Λαβ , Bα} to be a gerbe with connection and {hαβ , Aα} to trivialize it

on Y ;

• Coboundaries: since δ̌1{gαβ ,Λα, hα} = {δ̌1gαβ,−d̃gαβ + Λβ − Λα, ((i
∗)1gαβ)−1 ·

hβh
−1
α , dΛα, (i∗)0Λα − d̃hα}, coboundaries represent gerbes which are geometrically

trivial on X (see appendix), with a trivialization on X restricting to the chosen one

on Y .

There is a last step to obtain the classifying set of B-field and A-field configurations:

in general we do not ask for a trivialization of the gerbe on Y , but for a cocycle whose

transition functions represent the class w2(Y ) ∈ H2(Y, S1). The transition functions of a

coboundary in the previous picture represent the zero class, so they are consistent only for

w2(Y ) = 0. Hence, we cannot consider the hypercohomology group, but one of its cosets

in the group of cochains up to coboundaries. In fact, the condition we need is not cocycle

condition, but:

δ̌2{gαβγ ,−Λαβ , hαβ , Bα,−Aα} = {0, 0, ηαβγ , 0, 0} (4.4)

thus we need the coset made by cochains satisfying (4.4) up to coboundaries. Actually, we

need anyone of these cosets for [ { ηαβγ } ] = w2(Y ) ∈ Ȟ2(Y, S1). We denote their union by:

Ȟ2
w2(Y )(X,S

1 → Ω1
R → Ω2

R, Y ) (4.5)

and this is the set of configurations we are looking for.

5The maps denoted by matrices are supposed to multiply from the right the row vector in the domain.
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5. Gauge theory on a single D-brane

We are now ready to discuss the possible geometric structures of the gauge theory on the

D-brane, arising from the previous picture. The main distinction turns out to be whether

or not the B-field is flat when restricted to the D-brane.

5.1 Generic B-field

We consider the coordinate change given by the D-brane:

{gαβγ ,−Λαβ , Bα} · {g
−1
αβγ · ηαβγ ,Λαβ , dAα} = {ηαβγ , 0, B + F}

{g−1
αβγ · ηαβγ ,Λαβ , dAα} = {δ̌1hαβ,−d̃hαβ +Aβ −Aα, dAα} .

(5.1)

Since, by Freed-Witten anomaly, [ { gαβγ } ] = [ { ηαβγ } ] ∈ Ȟ2(Y, S1) (not the constant

sheaf S1, the sheaf of functions S1), we can always choose a gauge {ηαβγ , 0, B}, but we can

also consider any gauge {ηαβγ , 0, B
′} with B′−B a closed form representing an integral de

Rham class: for a bundle, this corresponds to the free choice of a global automorphism.6

Given a certain gauge of the form {ηαβγ , 0, B}, the brane gives a correction {1, 0, F} to

arrive at the fixed gauge {ηαβγ , 0, B + F}. In fact, (5.1) becomes:

{ηαβγ , 0, B} · {1, 0, dAα} = {ηαβγ , 0, B + F}

{1, 0, dAα} = {δ̌1hαβ ,−d̃hαβ +Aβ −Aα, dAα} .
(5.2)

We thus get δ̌1hαβ = 1 and −d̃hαβ + Aβ − Aα = 0, so hαβ give a gauge bundle on the

brane with connection −Aα and Chern class [−F ]. However, since B and F are arbitrary,

such bundle is defined up to large gauge transformations B → B + Φ and F → F − Φ for

Φ integral.7

Moreover, we have the freedom to choose a different representative ηαβγ · δ̌1λαβ of

w2(Y ) ∈ Ȟ2(Y, S1). This is equivalent to consider:

{ηαβγ , 0, B} · {δ̌λαβ , 0, dAα} = {ηαβγ · δ̌λαβ, 0, B + F}

{δ̌λαβ , 0, dAα} = {δ̌hαβ ,−d̃hαβ +Aβ −Aα, dAα} .
(5.3)

We thus obtain that δ̌hαβ = δ̌λαβ , i.e., δ̌(hαβ/λαβ) = 1. So, instead of {hαβ}, we consider

the bundle [hαβ/λαβ ] instead of [hαβ ]. Since the functions λαβ are constant, the real

image of the Chern class is the same. In fact, if we write hαβ = exp(2πi · h̃αβ) and

λαβ = exp(2πi · λ̃αβ), we have that h̃αβ + h̃βγ + h̃γα = h̃αβγ ∈ Z defining the first Chern

class, and similarly λ̃αβ + λ̃βγ + λ̃γα = λ̃αβγ ∈ Z. However, since λ̃αβ are constant, λ̃αβγ is

a coboundary in the sheaf R and the real image of the Chern class of λαβ is 0.

This means that we fix a line bundle up to the torsion part. Thus, the holonomy of

−Aα is defined also up to the torsion part: this ambiguity is compensated for by the one of

6For gerbes, we directly see this from the fact that (1, 0, Φ) is a hypercoboundary for Φ integral. Indeed,

we have:

Φ|Uα
= dϕα ϕβ − ϕα = dραβ ραβ + ρβγ + ργα = cαβγ ∈ Z

thus ϕβ − ϕα = d̃hαβ for hαβ = exp(2πi · ραβ) and δ̌1hαβ = 1. Hence, (1, 0, Φ) = δ̌1(hαβ, ϕα).
7In particular, we can always choose the gauge F = 0, obtaining a flat line bundle.
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the pfaffian, due to the need of obtaining a global section of the tensor product. If w2 = 0,

we can choose the preferred representative ηαβγ = 1, thus we completely fix a line bundle

up to large gauge transformation.

5.2 Flat B-field

If B is flat, its holonomy is a class Hol(B|Y ) ∈ H2(Y, S1) (constant sheaf S1). We distin-

guish three cases:

• Hol(B|Y ) = w2(Y ) = 0: as before, we can choose the gauge ηαβγ = 1, but, via

an operation analogous to choosing parallel local sections for line bundles, we can

obtain {1, 0, 0} instead of a generic {1, 0, B}. The choice B = 0 is canonical (it fixes

also large gauge transformations). Thus we get {1, 0, 0} · {1, 0, dAα} = {1, 0, F}

with {1, 0, dAα} = {δ̌1hαβ ,−d̃hαβ + Aβ − Aα, dAα}. Hence we have δ̌1hαβ = 1 and

Aβ − Aα = d̃αβ . In this case, we obtain a line bundle L with connection −Aα and

Chern class c1(L) such that c1(L) ⊗Z R = [−F ]dR, i.e., a gauge theory in the usual

sense, canonically fixed. However, we will see in the following that, also in this case,

there is a residual freedom in the choice of the bundle.

• Hol(B|Y ) = w2(Y ): as before, we choose {ηαβγ , 0, 0} instead of a generic {ηαβγ , 0, B}.

The choice B = 0 is canonical (it fixes also large gauge transformations). Thus we

get {ηαβγ , 0, 0} · {1, 0, dAα} = {ηαβγ , 0, F} with {1, 0, dAα} = {δ̌1hαβ ,−d̃hαβ +Aβ −

Aα, dAα}, or, as discussed before, {ηαβγ , 0, 0} · {δ̌
1λαβ, 0, dAα} = {ηαβγ · δ̌

1λαβ, 0, F}

with {δ̌1λαβ , 0, dAα} = {δ̌1hαβ ,−d̃hαβ + Aβ − Aα, dAα}. In this case, we obtain a

canonical line bundle with connection −Aα up to the torsion part, with real image

of the Chern class [−F ].

• Hol(B|Y ) generic: in this case, we can use the same picture as for non-flat B-fields,

obtaining a non-canonical gauge bundle, or we can use flatness to obtain a canonical

gauge theory of different nature. In the latter case, we fix a cocycle {gαβγ} such

that [ {gαβγ} ] = Hol(B|Y ) ∈ H2(Y, S1). We thus get a preferred gauge {gαβγ , 0, 0},

so that (4.3) becomes {g−1
αβγ · ηαβγ , 0, dAα} = {δ̌1hαβ ,−d̃hαβ + Aβ − Aα, dAα}. We

obtain δ̌1hαβ = g−1
αβγ · ηαβγ and Aβ − Aα = d̃hαβ . Since g−1

αβγ · ηαβγ are constant, we

obtain a “bundle with not integral Chern class”, as explained in the next section.

Remark: we have said above that only for Hol(B|Y ) = 0 and w2(Y ) = 0 we are able

to recover the torsion of the gauge bundle. Actually, we can still recover the torsion part

even if w2(Y ) = 0 and B is flat. In fact, also in this case we can choose ηαβγ = 1 fixing

the transition function hαβ of the bundle. Let us consider a fractional bundle L such that

δ̌{hαβ} = {g−1
αβγ} for [ gαβγ ] = Hol(B|Y ) ∈ H2(Y, S1). Then, evaluating the holonomy

of B over the generators of H2(Y,Z), we can find a discrete subgroup Γ ≤ R such that

c1(L) ∈ H2(Y,Γ), so that c1(L) has a torsion part. This is more interesting if we know the

fractionality of the brane (see below): for example, if we have a 1
n

-fractional gauge theory

(e.g., fractional branes from Zn-orbifolds), we have c1(L) ∈ H2(Y, 1
n
Z) ≃ H2(Y,Z).
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A comment is in order when Hol(B|Y ) = w2(Y ) = 0: also in this case, the bun-

dle is not completely fixed, but there is a residual gauge freedom. In fact, such con-

figuration is described by [ {gαβγ ,−Λαβ, hαβ , Bα,−Aα} ] ∈ Ȟ2(X,S1 → Ω1
R

→ Ω2
R
, Y )

such that [ {gαβγ ,−Λαβ , Bα} ] is geometrically trivial on Y . As we said, we can choose

on Y the preferred gauge {1, 0, hαβ , 0,−Aα} so that the cocycle condition gives exactly

{1, 0, δ̌2hαβ , 0, d̃hαβ +Aα −Aβ} = 0, i.e. −Aα is a connection on the bundle [hαβ ]. There

is still a question: how are the possible representatives {1, 0, hαβ , 0,−Aα} of the same class?

Can they all be obtained via a reparametrization of the bundle [hαβ , Aα ] ∈ Ȟ1(Y, S1 →

Ω1
R
)? The possible reparametrization are given by:

{1, 0, hαβ , 0,−Aα} · {δ̌1gαβ,−d̃gαβ + Λβ − Λα,((i
∗)1gαβ)−1 · hβh

−1
α , dΛα, (i

∗)0Λα − d̃hα}

= {1, 0, h′αβ , 0,−A
′
α}

thus we get the conditions:

δ̌1gαβ = 1 − d̃gαβ + Λβ − Λα = 0 dΛα = 0 . (5.4)

If we choose gαβ = 1 and Λα = 0 we simply get h′αβ = hαβ · hβh
−1
α and A′

α = Aα + d̃hα,

i.e., a reparametrization of [hαβ , Aα ] ∈ Ȟ1(Y, S1 → Ω1
R
), and that is what we expected.

But what happens in general? Equations (5.4) represent any line bundle gαβ on the whole

space-time X with flat connection −Λα, thus they represent a residual gauge freedom in

the choice of the line bundle over Y : any flat bundle on Y which is the restriction of a

flat line bundle over X is immaterial for the gauge theory on the D-brane. Can we give a

physical interpretation of this fact?

Let us consider a line bundle L over Y with connection −Aα: it determines the holon-

omy as a function from the loop space of Y to S1. Actually, we are not interested in a

generic loop: we always work with ∂Σ, with Σ in general not contained in Y : thus, such

loops are in general not homologically trivial on Y , but they are so on X. Let us suppose

that L extends to L̃ over X: in this case, we can equally consider the holonomy over ∂Σ

with respect to L̃. If L̃ is flat, such holonomy becomes an S1-cohomology class evaluated

over a contractible loop, thus it is 0. Hence, a bundle extending to a flat one over X gives

no contribution to the holonomy over the possible boundaries of the world-sheets. There-

fore, also in the case Hol(B|Y ) = w2(Y ) = 0, we do not have a canonically fixed bundle

with connection on the brane: we rather have an equivalence class of bundles defined up

to flat ones extending to flat space-time bundles. For another important comment on this

point, see the conclusions.

6. Real Chern classes

In the previous section we showed that for B flat we obtain a gauge theory on a generalized

bundle: while bundles are represented by cocycles {gαβ} in Čech cohomology, such gener-

alized bundles are represented by cochains whose coboundary δ̌1{gαβ} is made by constant

functions (not necessarily 1), realizing a class in Ȟ2(X,S1). We now see that even in these

cases we can define connections and first Chern class, but the latter turns out to be any

closed form, not necessarily integral.
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Let us consider the definition of Chern class of a trivial bundle: we have a bundle

[ {gαβ} ] ∈ Ȟ1(U, S1), so that gαβ ·gβγ ·gγα = 1; if gαβ = e2πi·ραβ , we have ραβ +ρβγ +ργα =

ραβγ ∈ Z, so that we obtain a class [ {ραβγ} ] ∈ Ȟ2(U,Z) which is the first Chern class.

Let us call Γn the subgroup of S1 given by the n-th root of unity. If we call 1
n
Z the

subgroup of R made by the fractions k
n

for k ∈ Z, then Γn = e2πi· 1
n

Z. Let us suppose

we have a cochain {gαβ} ∈ Č1(U, S1) such that gαβ · gβγ · gγα = gαβγ ∈ Γn. Then, for

gαβ = e2πi·ραβ , we have that ραβ + ρβγ + ργα = ραβγ ∈ 1
n
Z, so that we obtain a rational

class c1 = [ {ραβγ} ] ∈ Ȟ2(U,Q) such that n ·c1 is an integral class. Can we give a geometric

interpretation of these classes?

A 2-cochain can be thought of as a trivialization of a trivialized gerbe, in the same way

as a 1-cochain (i.e., a set of local functions) is a trivialization of a trivialized line bundle;

thus a line bundle is a trivialization of a gerbe represented by the coboundary 1, in the

same way as a global function is a global section of X×C. We describe first the easier case

of local functions trivializing a line bundle, i.e., we lower by 1 the degree in cohomology.

6.1 Trivializations of line bundles

6.1.1 Definition

As line bundles, which are classes in Ȟ1(U, S1), are trivializations of gerbes represented by

the coboundary 1, likewise a section of a line bundle, represented by transition functions

equal to 1, is a class in Ȟ0(U, S1), i.e., a function f : X → S1. A cochain {fα} ∈ Č0(U, S1)

is a section of a trivial bundle represented by transition functions f−1
α · fβ.

Given a function f : X → S1, we can naturally define a Chern class c1(f) ∈ H1(U,Z),

which is the image under the Bockstein map of f = [ {fα} ] ∈ Ȟ0(U, S1). We directly

compute it as for bundles: since fβ · f−1
α = 1, for fα = e2πi·ρα we have ρβ − ρα = ραβ ∈ Z,

so that we can define a class c1(f) = [ {ραβ} ] ∈ Ȟ1(U,Z). The geometric interpretation

is very simple: c1(f) is the pull-back under f of the generator of H1(S1,Z) ≃ Z. As

we have done for bundles, let us suppose we have a cochain [ {fα} ] ∈ Č0(U, S1) such

that f−1
α · fβ = fαβ ∈ Γn. Then ρβ − ρα = ραβ ∈ 1

n
Z. Therefore we obtain a class

c1 = [ {ραβ} ] ∈ Ȟ1(U,Q) such that n · c1 is an integral class.

From the exact sequences point of view, the Chern class is the image of the Bockstein

map of the sequence:

0 −→ Z −→ R
e2πi ·

−→ S1 −→ 0 .

In the fractional case, since δ̌0fα takes values in Γn, the cochain {fα} is a cocycle in S1/Γn.

Thus, we consider the sequece:

0 −→
1

n
Z −→ R

πΓn ◦ e2πi ·

−→ S1/Γn −→ 0

and the image of the Bockstein map is exactly the fractional Chern class. We have con-

structed in this way rational Chern classes, but this is generalizable to any real Chern

class. In fact, it is sufficient that ραβ be constant for every α, β to apply the previous con-

struction, using the constant sheaf S1 instead of Γn. The corresponding sequence, which
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contains all the previous ones by inclusion, is:

0 −→ R −→ R
π

S1 ◦ e2πi ·

−→ S1/S1 −→ 0 .

In other words, if the cochain is a cocycle up to constant functions, we obtain a real Chern

class. If these constant functions belong to Γn, we obtain a rational Chern class in 1
n
Z. We

now want to give a geometric interpretation of these classes.

6.1.2 Geometric interpretation

If we think of the cochain as a trivialization of X × C, it follows that different trivializa-

tions have different Chern classes, depending on the realization of the trivial bundle as

Čech coboundary. This seems quite unnatural from a topological point of view, since the

particular trivialization should not play any role. However, if we fix a flat connection, we

can distinguish a particular class of trivializations, which are parallel with respect to such

a connection.

Let us consider a trivial line bundle with a global section and a flat connection ∇,

which we think of as X × C with a globally defined form A, expressing ∇ with respect to

the global section X × {1}. We know the following facts:

• if we choose parallel sections {fα}, we obtain a trivialization with a real Chern class

c1({fα}) ∈ Ȟ1(X,R), and the local expression of the connection becomes {0};

• the globally defined connection A, expressed with respect to 1, is closed by flatness,

thus it determines a de Rham cohomology class [A ] ∈ H1
dR(X).

We now prove that these two classes coincide under the standard isomorphism between

Čech and de Rham cohomology. This is the geometric interpretation of real Chern classes:

the real Chern class of a trivialization of X×C is the cohomology class of a globally-defined

flat connection, expressed with respect to X × {1}, for which the trivialization is parallel.

If the trivial bundle has holonomy 1 (i.e., geometrically trivial), we can find a global

parallel section: thus there exists a function f ∈ Ȟ1(X,S1) trivializing the bundle, and

the Chern class of a function is integral. If we express the connection with respect to 1 we

obtain an integral class [A ] = [ f−1df ], while if we express it with respect to the global

section f · 1 we obtain 0.

We now prove the statement. Given {fα} ∈ Č0(U, S1) such that δ̌0{fα} ∈ Č1(U, S1),

we consider the connection ∇ on X×C which is represented by 0 with respect to {f−1
α }. If

we represent ∇ with respect to X×{1} we obtain Aα = d̃fα, and Aα−Aβ = d̃(fβ ·f
−1
α ) = 0.

We thus realize the 1-form A as a Čech cocycle: we have that Aα = (2πi)−1d log fα

and (2πi)−1 log fβ − (2πi)−1 log fα = (2πi)−1 log gαβ = ραβ which is constant, so that

[A ]H1
dR

(X) ≃ [ {ραβ} ]Ȟ1(X,R). By definition c1({fα}) = [ {ραβ} ], thus [A ]H1
dR

(X) ≃

c1({fα})Ȟ1(X,R).

Moreover, if we consider the sequence 0 → Z → R → S1 → 0, for pS1 : H1(X,R) →

H1(X,S1), we have that pS1 c1({fα}) = pS1 [ ραβ ] = [ fβf
−1
α ]S1. Thus, for δ̌0{fα} ∈

Č1(X,S1) (hence, obviously, δ̌0{fα} ∈ Ž1(X,S1)) we have that the first Chern class is

one of the possible real lifts of [ δ̌0{fα} ]S1 . Therefore, pS1 c1({fα}) is the holonomy of the

trivial line bundle on which the connection A, previously considered, is defined.
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6.1.3 Hypercohomological description

The trivialized bundle X × C with global connection A corresponds to the hypercocycle

{1,−A} ∈ Ž1(X,S1 → Ω1
R
). For A flat and {fα} parallel sections, we have [ {1,−A} ] =

[ {δ̌0fα, 0} ], thus the difference is a coboundary:

{1,−A} · {δ̌0fα, d̃fα} = {δ̌0fα, 0}

thus d̃fα = Aα so that, as proven before, [A ] ≃ c1({fα}).

If f is globally defined, we get {1,−A} · {1, d̃f} = {1, 0} so that [A ] = [ d̃f ] which is

integral: this corresponds to the choice of a global parallel section f · 1 in X × C.

6.2 Trivializations of gerbes

Let us now consider a trivialization of a gerbe {hαβ} ∈ Č1(X,S1) such that δ̌1{hαβ} ∈

Č2(X,S1). We can consider a connection {−Aα} such that Aβ − Aα = d̃hαβ , as for

an ordinary bundle. We have dAα = dAβ so that −F = −dAα is a global closed

form whose de Rham class [−F ] is exactly the fractional Chern class of [ {hαβ} ] ∈

δ̌−1(Č2(X,S1)) / B̌1(X,S1). We define such a trivialization with connection as an element

of the hypercohomology group:

Ȟ1
(

X,S1/S1 d̃
−→ Ω1

R

)

.

We interpret the Chern class of such trivializations as before: we consider the flat gerbe

[ {δ̌1hαβ, 0, 0} ], and we represent it as [ {1, 0,−F} ]:

{1, 0,−F} · {δ̌1hαβ,−d̃hαβ +Aβ −Aα, dAα} = {δ̌1hαβ , 0, 0}

from which we obtain:

Aβ −Aα = d̃hαβ dAα = F |Uα .

From these data we can now realize F as a Čech class: we have F |Uα = dAα and Aβ−Aα =

d̃hαβ , thus δ̌1d̃hαβ = 0, thus (2πi)−1δ̌1 log hαβ is constant and expresses [F ] as Čech class.

The latter is exactly c1({hαβ}).

What happens for the holonomy of these connections? In general anyone of them is

not well-defined as a function on closed curves, but it is a section of a line bundle that,

on curves which are boundary of open surfaces, is canonically trivial and coincides with

the one determined by the flat gerbe realized by (1, 0, F ) but with respect to the sections

δ̌g. In fact, the expression of the holonomy of A on ∂Σ coincides with the holonomy of

(δ̌g, Aβ −Aα, dAα) on Σ, but δ̌(g, 0) = (δ̌g, d log gαβ , 0) and the sum is (1, 0, dAα), thus the

gerbe is (1, 0, F ) but it is realized on open surfaces with respect to δ̌g.

7. Stack of coincident branes

Up to now we have discussed the case of a single brane. In the case of a stack of coincident

Dp-branes, we need non-abelian cohomology (see [2]). However, here we would like to

avoid a technical discussion and just state the main differences with respect to the abelian
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case. We will arrive to the same conclusions as [6], taking into account the presence of

the Pfaffian.

Let us consider again the fundamental equation (5.1):

{gαβγ ,−Λαβ , Bα} · {g
−1
αβγ · ηαβγ ,Λαβ , dAα} = {ηαβγ , 0, B + F}

{g−1
αβγ · ηαβγ ,Λαβ , dAα} = {δ̌1hαβ ,−d̃hαβ +Aβ −Aα, dAα} .

Since δ̌1hαβ = g−1
αβγ · ηαβγ , the class [ g−1η ] ∈ H1(Y, S1) must be trivial: this means that

ζ|Y = W3(Y ), which is the Freed-Witten anomaly equation. Instead, in the case of a stack

of branes, hαβ ∈ U(n). Then, if we think of g−1
αβγ · ηαβγ as a multiple of the identity In, the

relation δ̌1hαβ = g−1
αβγ · ηαβγ is not a trivialization of [ g−1η ] ∈ H1(Y, S1) any more and it

does not imply that ζ|Y = W3(Y ). We thus rewrite the previous equation as:

{gαβγ ,−Λαβ , Bα} · {g
−1
αβγ · ηαβγ ,Λαβ , dÃα} = {ηαβγ , 0, B + F̃}

{g−1
αβγ · ηαβγ ,Λαβ , dÃα} =

1

n
Tr {δ̌1hαβ ,−h

−1
αβdhαβ

+ h−1
αβAβhαβ −Aα, dAα +Aα ∧Aα}

(7.1)

where the trace is taken in all the components. We thus obtain Ã = 1
n
TrA and F̃ = 1

n
TrF .

A rank-n bundle {hαβ} such that δ̌1{hαβ} realizes a class in H2(X,S1) is called a

twisted bundle or non-commutative bundle. For β the Bockstein homomorphism in degree

2 of the sequence 0 → Z → R → S1 → 0, we define β′ = β[ δ̌1{hαβ} ] ∈ H3(X,Z). Thus,

for the relation δ̌1hαβ = g−1
αβγ · ηαβγ to hold, one must have:

β′ = W3(Y ) − ζ|Y . (7.2)

This is the Freed-Witten anomaly equation for stack of branes. We remark that, while in the

abelian case the A-field corresponds to a reparametrization of the gerbe, in the non-abelian

case it provides another non-trivial gerbe, which tensor-multiplies the gerbe of the B-field.

The classification of configurations in this case is analogous to the case of a single

brane, allowing for the possibility of a non-commutative bundle when β′ 6= 0. For β′ = 0,

we have the same situation as before, with irrational Chern classes for non integral bundles.

8. Conclusions

We have classified the allowed configurations of B-field and A-field in type II superstring

backgrounds with a fixed set of D-branes, which are free of Freed-Witten anomaly. For a

single D-brane Y ⊂ X, we distinguish the following foundamental cases:

• B geometrically trivial, w2(Y ) = 0: we fix the preferred gauge (1, 0, 0), so that

we have (1, 0, F ) = δ(h,−A) with (h,−A) a line bundle, up to the residual

gauge symmetry;

– 22 –



J
H
E
P
1
2
(
2
0
0
8
)
0
7
8

• B flat: we fix the preferred gauge (g, 0, 0) so that we have (g−1η, 0, F ) = δ(h,−A)

with (h,−A) a “bundle” with, in general, a non-integral Chern class; the image in S1

of such a Chern class is given by Hol(B|Y ) − w2(Y ); even if this bundle has integral

Chern class, i.e., if Hol(B|Y ) = w2(Y ), in general it is defined only up to the torsion

part; if Hol(B|Y ) = w2(Y ) = 0 we end up with the previous case so that we recover

the torsion part up to the residual gauge;

• B generic: we fix a gauge (η, 0, B) so that we have (1, 0, F ) = δ(h,−A) with (h,−A)

a non-canonical line bundle, where non-canonicity is related to large gauge transfor-

mations B → B + Φ and F → F − Φ for Φ integral.

For a stack of coincident branes the situation is analogous, except for the possibility of

non-commutative bundles.

So far we have considered the case of one brane or stack of coincident branes. One

may wonder what happens when we have more than one non-coincident branes or stacks

of branes: this case is actually already included in the previous discussion, thinking of

Y as the disconnected union of all the world-volumes. In particular, the residual gauge

symmetry becomes an ambiguity corresponding to the restriction to each brane of a unique

flat space-time bundle. In physical terms this can be seen as follows: if we choose two cycles,

one for each brane, which are homologous in space-time but not necessarily homologically

trivial, since the difference is homologically trivial we can link them by an open string loop

stretching from one brane to the other. In this way we determine the holonomy on the

difference, i.e., the difference of the holonomies on the two loops. We thus remain with a

global uncertainty, represented by flat space-time line bundles.

Let us briefly comment on the case of fractional branes coming from orbifolds. Using

the notation of [1], let Γ be the internal orbifold group, whose regular representation splits

into M irreducible representations of dimensions dI for I = 0, . . . ,M − 1, and let CI be

the corresponding cycles in the ADE-resolution of the orbifold singularity. B is taken flat

on the internal space and satisfying the formula
∫

CI
B = dI / |Γ| for I = 1, . . . ,M − 1,

while, on the last cycle,
∫

C0
B = −

∑

I 6=0 dI

∫

CI
B. Moreover one chooses F on a cycle

representing C0 (to be subsequently shrunk) such that
∫

C0
F = 1, while, on the chosen

representatives of the other cycles, one chooses F = 0. What does this mean in our

language? One fixes a gauge {1, 0, B} on the whole internal space (ηαβγ = 1 because the

manifold involved is spin), supposing that the hypercocycle fixed on the representatives

of the CI ’s, for I 6= 0, is the restriction of the global one: one thus gets F = 0. On the

representative of C0, instead, we consider a hypercocycle corresponding to the restriction

of the global one, modified by an automorphism of the gerbe which generates F so that
∫

C0
F = 1. In conclusion we obtain, on C0, {1, 0, B + F}. This is not the canonical gauge

choice adopted in section 5 that gives rise to a fractional bundle: had we made this choice,

we would have obtained a bundle with a fractional Chern class F , whose imagine in S1 is

given by Hol(B|CI
) = dI / |Γ|.
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A. Čech Hypercohomology

We refer to [2] for a comprehensive treatment of hypercohomology. Given a sheaf F on

a topological space X with a good cover U = {Ui}i∈I , we construct the complex of Čech

cochains:

Č0(U,F)
δ̌0

−→ Č1(U,F)
δ̌1

−→ Č2(U,F)
δ̌2

−→ · · ·

whose cohomology is by definition Čech cohomology of F . We recall, in particular, that

δ̌p : Čp(U,F) → Čp+1(U,F) is defined by (δ̌pg)α0···αp+1 =
∑p+1

i=0 (−1)igα0···α̌i···αp+1. If,

instead of a single sheaf, we have a complex of sheaves:

· · ·
di−2

−→ F i−1 di−1

−→ F i di

−→ F i+1 di+1

−→ · · ·

we can still associate to it a cohomology, called hypercohomology of the complex. To define

it, we consider the double complex made by the Čech complexes of each sheaf:

...
...

...

Č0(U,Fq+1)
δ̌0

//

dq+1

OO

Č1(U,Fq+1)
δ̌1

//

dq+1

OO

Č2(U,Fq+1)
δ̌2

//

dq+1

OO

· · ·

Č0(U,Fq)
δ̌0

//

dq

OO

Č1(U,Fq)
δ̌1

//

dq

OO

Č2(U,Fq)
δ̌2

//

dq

OO

· · ·

Č0(U,Fq−1)
δ̌0

//

dq−1

OO

Č1(U,Fq−1)
δ̌1

//

dq−1

OO

Č2(U,Fq−1)
δ̌2

//

dq−1

OO

· · ·

...

dq−2

OO

...

dq−2

OO

...

dq−2

OO

We now consider the associated total complex:8

T n =
⊕

p+q=n

Čp(U,Fq) dn =
⊕

p+q=n

(

δ̌p + (−1)p dq
)

By definition, the Čech hypercohomology of the complex of sheaves is the cohomology of

the total complex H•(T n, dn). It is denoted by:

Ȟ•
(

U, · · ·
di−1

−→ F i di

−→ F i+1 di+1

−→ · · ·
)

.

8We use notation of [2], in which the two boundaries of the double complex commute, so that the

boundary of the total complex has a factor (−1)p. In the most common notation the two boundaries

anticommute.
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Using hypercohomology we can describe the group of line bundles with connection,

up to isomorphism and pull-back of the connection, on a space X. We recall that a

bundle with connection is specified by a couple ({hαβ}, {Aα}) where δ̌{hαβ} = 1 and

Aα − Aβ = (2πi)−1d log hαβ. The bundle is trivial if there exists a 0-cochain {fα} such

that δ̌0{fα} = {hαβ}. Let us consider the complex of sheaves on X:

S1 d̃
−→ Ω1

R

where S1 is the sheaf of smooth S1-valued functions, Ω1
R

the sheaf of 1-forms and d̃ =

(2πi)−1 d ◦ log. (The complex is trivially extended on left and right by 0.) The associated

Čech double complex is given by:

Č0(U,Ω1
R
)

δ̌0
// Č1(U,Ω1

R
)

δ̌1
// Č2(U,Ω1

R
)

δ̌2
// · · ·

Č0(U, S1)
δ̌0

//

d̃

OO

Č1(U, S1)
δ̌1

//

d̃

OO

Č2(U, S1)
δ̌2

//

d̃

OO

· · ·

Thus we have that Č1(U, S1 → Ω1
R
) = Č1(U, S1)⊕ Č0(U,Ω1

R
). Given a line bundle L→ X

we fix a set of local sections, with respect to U, determining transition functions {gαβ}

and local representation of the connection {Aα}. We claim that (gαβ ,−Aα) ∈ Č1(U, S1 →

Ω1
R
) is a cocycle. In fact, by definition, δ̌1(gαβ ,−Aα) = (δ̌1gαβ ,−d̃gαβ + δ̌0(−Aα)), thus

cocycle condition gives δ̌1gαβ = 0, i.e., gαβ must be transition functions of a line bundle,

and Aα − Aβ = (2πi)−1d log gαβ , the latter being exactly the gauge transformation of a

connection. Moreover, coboundaries are of the form δ̌0(gα) = (δ̌0gα, d̃gα) and it is easy

to prove that these are exactly the possible local representations of the trivial connection

∂X on the trivial bundle X × C, i.e., the unit element of the group of line bundles with

connection. Thus, such group is isomorphic to:

Ȟ1(U, S1 d̃
−→ Ω1

R) .

B. Gerbes

We refer to [5] for a clear introduction to gerbes. A gerbe with connection is defined

by a triple ({gαβγ}, {Λαβ}, {Bα}) where δ̌{gαβγ} = 1, δ̌1{Λαβ} = {(2πi)−1d log gαβγ} and

Bα −Bβ = dΛαβ . The gerbe is trivial if there exists a 1-cochain {fαβ} such that δ̌{fαβ} =

{gαβγ}. We use the approach of [2]. As the group of isomorphism classes of line bundles

on X is isomorphic to Ȟ1(X,S1), the group of gerbes on X up to isomorphism can be

identified with Ȟ2(X,S1). In this paper we consider this as the definition of gerbe.

We consider the complex of sheaves:

S1 d̃
−→ Ω1

R

d
−→ Ω2

R

where S1 is the sheaf of smooth S1-valued functions, Ωp
R

the sheaf of p-forms and d̃ =

(2πi)−1 d ◦ log. (The complex is trivially extended on left and right by 0.) In analogy with
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the case of line bundles, we define the equivalence classes of gerbes with connection as the

elements of the group:

Ȟ2(X,S1 → Ω1
R
→ Ω2

R
) .

The Čech double complex is given by:

Č0(U,Ω2
R
)

δ̌0
// Č1(U,Ω2

R
)

δ̌1
// Č2(U,Ω2

R
)

δ̌2
// · · ·

Č0(U,Ω1
R
)

δ̌0
//

d

OO

Č1(U,Ω1
R
)

δ̌1
//

d

OO

Č2(U,Ω1
R
)

δ̌2
//

d

OO

· · ·

Č0(U, S1)
δ̌0

//

d̃

OO

Č1(U, S1)
δ̌1

//

d̃

OO

Č2(U, S1)
δ̌2

//

d̃

OO

· · ·

Thus we have that Č2(U, S1 → Ω1
R

→ Ω2
R
) = Č2(U, S1) ⊕ Č1(U,Ω1

R
) ⊕ Č0(U,Ω2

R
). By

definition, δ̌1(gαβγ ,−Λαβ , Bα) = (δ̌2gαβγ , d̃gαβγ + δ̌1(−Λαβ),−d(−Λαβ) + δ̌0Bα). Thus

cocycle condition gives δ̌2gαβγ = 0, i.e., gαβγ must be transition functions of a gerbe, and:

Bα −Bβ = dΛαβ

Λαβ + Λβγ + Λγα = (2πi)−1d log gαβγ .

Coboundaries are of the form δ̌1(hαβ ,−Aα) = (δ̌1hαβ ,−d̃hαβ + δ̌0(−Aα), d(−Aα)), thus

gerbes of this form are geometrically trivial.
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